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QUASIBOUNDED PLURISUBHARMONIC FUNCTIONS
MA˚RTEN NILSSON AND FRANK WIKSTRO¨M
Abstract. We extend the notion of quasibounded harmonic functions to the
plurisubharmonic setting. As an application, using the theory of Jensen mea-
sures, we show that certain generalized Dirichlet problems with unbounded
boundary data admit unique solutions, and that these solutions are continu-
ous outside a pluripolar set.
1. Introduction
Quasibounded harmonic functions, i.e. harmonic functions that can be approxi-
mated monotonely from below by bounded harmonic functions, were first introduced
by Parreau [9]. In this work, we will develop an analogous theory of quasibounded
plurisubharmonic functions, and as an application solve certain Dirichlet problems
for unbounded maximal plurisubharmonic functions.
As motivation, let us begin with a few simple examples.
Example 1.1. Let Ω = D\ {0} be the punctured unit disc, and let u(z) = − log|z|.
Then u is harmonic (thus subharmonic) on Ω and if v ≤ u is bounded and
subharmonic on Ω, by Riemann’s removable singularities theorem, v extends to
a subharmonic function on D. Consequently, by the maximum principle, v ≤ 0.
In particular, u cannot be written as an increasing limit of bounded subharmonic
functions.
A slightly more interesting example, where the domain is regular, is the following:
Example 1.2. Let Ω = D and let u(z) = 1−|z|
2
|1−z|2 , i.e. the Poisson kernel for D with
pole at z = 1.
If v ≤ u is a bounded subharmonic function, then lim supz→ζ v(z) ≤ 0 for every
ζ ∈ ∂D \ {1}, so the extended maximum principle (see e.g. [10, Thm 3.6.9]) implies
that v ≤ 0. Again, we see that u cannot be written as an increasing limit of bounded
subharmonic functions.
This second example can be easily adapted to several variables. Let
u(z, w) =
1− |z|
2
|1− z|
2
and view u as a function on the unit ball B. Then u is maximal plurisubharmonic
(even pluriharmonic) and every bounded plurisubharmonic function v ≤ u must be
negative on D× {0}.
Any bounded plurisubharmonic function is of course quasibounded, but in gen-
eral, it is currently not an easy task to determine whether a particular unbounded
plurisubharmonic function is quasibounded or not. owever, in 1974, Arsove and
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Leutwiler [1] gave necessary and sufficient conditions for quasiboundedness in a
generalized sense for a large set of functions, including non-negative subharmonic,
harmonic and superharmonic functions, extending a previous characterization for
the harmonic case by Parreau [9] and Yamashita [14]. The central idea was to in-
troduce a certain operator S on the set of non-negative functions on Ω admitting a
superharmonic majorant, providing a reformulation of quasiboundedness since for
a harmonic function h,
h is quasibounded ⇐⇒ S(h) = 0.
In Section 2 and 3, we generalize their techniques to the plurisubharmonic setting.
Section 4 concerns the Dirichlet problem for the complex Monge–Ampe`re equa-
tion. This problem is very well-studied, at least when the boundary data is a con-
tinuous function. The problem amounts to solving the partial differential equation
for u ∈ PSH(Ω), {
(ddcu)n = µ, on Ω
u = φ, on ∂Ω,
where µ is a positive measure, and both the complex Monge–Ampe`re operator
(ddcu)n and the boundary values of umust be suitably interpreted. Already in 1959,
Bremermann [4] showed that the problem has a solution when f ∈ C(∂Ω), µ = 0
and Ω is a strictly pseudoconvex domain with C2 boundary. A few years later, in
1968, Walsh [12] showed that Bremermann’s solution is continuous on Ω¯. Bedford
and Taylor [2] generalized these results to µ = f dV where 0 ≤ f ∈ C(Ω¯), again
with a solution in C(Ω¯). B locki [3] showed that Ω can be taken as a B-regular
domain or even as a hyperconvex domain under the additional assupmtion that φ
is the boundary value of some plurisubharmonic function.
Many authors have generalized these results to measures µ that do not necessar-
ily have continuous density with respect to Lebesgue measure, but much less has
been done with weaker assumptions on the boundary data. In particular, we are
interested in solving the Dirichlet problem for maximal plurisubharmonic functions
(i.e. µ = 0) when φ is allowed to be a (continuous) unbounded function. This prob-
lem comes up naturally when studying pluricomplex Green functions with large sin-
gularity set, see for example La´russon–Sigurðsson [6], Nguyen [7] and Rashkovskii–
Sigurðsson [11]. The main theorem of our paper, Theorem 4.2, gives sufficient
conditions for the existence and uniqueness of a solution in this situation.
2. Tame functions
Most of the results in Section 2 and 3 generalize results in [1] to the plurisubhar-
monic setting, and the arguments needed are very similar. Notice that in general,
our results are weaker, since we cannot use linearity (in particular, minimal plurisu-
perharmonic functions are not necessarily plurisubharmonic) or Harnack’s theorem
(the limit of an increasing sequence of maximal plurisubharmonic functions is not
necessarily a maximal plurisubharmonic function, since it may fail to be upper
semicontinuous).
Let Ω ⊂ Cn be a bounded domain and let
M = {f : Ω→ [0,+∞] ; ∃u ∈ −PSH(Ω), f ≤ u},
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i.e. the set of non-negative functions on Ω admitting a plurisuperharmonic majorant.
If λ ≥ 0, we let (f − λ)+ = max{f − λ, 0}. Note that f ∈ M implies that
(f − λ)+ ∈ M for every λ ≥ 0.
Given f ∈ M, we define the reduced function Rλf by
(Rλf)(z) = inf{v(z) ; v ∈ −PSH(Ω), v ≥ (f − λ)
+},
i.e. the infimum of all plurisuperharmonic majorants of (f − λ)+. In general, Rλ
is not plurisuperharmonic, since it may fail to be lower semicontinuous, but if we
define
Sλf = (Rλf)∗
as the lower semicontinuous regularization of Rλ, then Sλ ∈ −PSH(Ω) and Sλf =
Rλf outside a pluripolar set.
Next, note that Sλf is decreasing in λ (for λ ≥ 0). Let
S∞f = lim
λ→∞
Sλf.
Again, S∞ might not be plurisuperharmonic, but
Sf = (S∞f)∗
certainly is. This construction gives us an operator S from M to the set of non-
negative plurisuperharmonic functions.
Finally, we say that f ∈ M is tame if Sf ≡ 0, and singular if Sf ≡ f , respec-
tively.
2.1. Basic properties of the operator S. Let us collect some straight-forward
but useful properties of the operator S in the following proposition.
Proposition 2.1. Let f, g ∈M and α ≥ 0. Then:
(1) S(αf) = αS(f),
(2) S(f + g) ≤ Sf + Sg,
(3) if f ≤ g, then Sf ≤ Sg,
(4) S(min(f, g)) ≤ min(Sf, Sg).
Proof. Statement (4) follows from (3) which in turn follows directly from the defi-
nition of S.
To prove (1), assume that u ∈ −PSH(Ω) with f ≤ u + λ for some λ ≥ 0. Then
αf ≤ αu + αλ, and thus Sαλ(αf) ≤ αu. Taking the infimum over all such u, we
see that
Sαλ(αf) ≤ αSλf
and letting λ→∞
S(αf) ≤ αSf.
If α > 0, Sf = S(αf/α) ≤ S(αf)/α, and combining the two inequalities gives
S(αf) = αS(f). If α = 0, (1) holds trivially.
Finally, we prove (2) using a similar argument: if u and v are non-negative
plurisuperharmonic functions with f ≤ u+ λ and g ≤ v + λ for some λ ≥ 0, then
f + g ≤ u+ v + 2λ
so, taking the infimum over all such u and v
S2λ(f + g) ≤ Sλf + Sλg
and (2) follows by letting λ→∞. 
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We can also establish the following uniqueness result.
Lemma 2.2. If f, g ∈ M such that f ≤ g outside a pluripolar subset of Ω, then
Sf ≤ Sg everywhere on Ω.
In particular, if f = g quasi-everywhere, then Sf ≡ Sg.
Proof. Assume that f ≤ g outside a pluripolar subset E ⊂ Ω. Then there is a
non-negative plurisuperharmonic function φ such that φ(z) = +∞ for every z ∈ E.
For every ε > 0, we have f ≤ g + εφ on Ω, so
Sf ≤ Sg + εSφ.
If we let ε ց 0, it follows that Sf ≤ Sg on Ω \ E, but since Sf and Sg are
plurisuperharmonic, the inequality holds everywhere. 
Let us also formulate the following observation that will be useful in section 3.
Lemma 2.3. If f, q ∈ M and q is tame, then S(f + q) = Sf .
Proof. Since f ≤ f + q, it follows from Proposition 2.1 that
Sf ≤ S(f + q) ≤ Sf + Sq = Sf + 0. 
3. Quasibounded plurisubharmonic functions
We now specialize the preliminary work on tame functions in Section 2 to
plurisubharmonic functions.
Assume that u ∈ M is plurisubharmonic. Then, for every λ ≥ 0, Sλu is plurisu-
perharmonic (and so is Su). In particular, for each n = 1, 2, . . ., un = u − Snu is
an upper bounded plurisubharmonic function, since by definition
u ≤ Snu+ n.
Theorem 3.1. Let 0 ≤ u ∈ M ∩ PSH(Ω). If u is tame, then u is the limit of
an increasing sequence of upper bounded plurisubharmonic functions on Ω outside
a pluripolar set.
Proof. If u is tame, then Su = 0, so
un = u− Snu
is a sequence of bounded plurisubharmonic functions on Ω with un ր u quasi-
everywhere. 
Note that in the linear setting, the analogue of Theorem 3.1 is an equivalence
that holds at all points of Ω, cf. [1, Theorem 3.1]. At this point, we do not know
whether a tame plurisubharmonic function u on Ω satisfies
u(z) = sup{v(z) : v ∈ PSH(Ω), sup v < +∞}
everywhere on Ω instead of just quasi-everywhere. We will return to this question
in Section 4.
Let us conclude this section with a necessary and sufficient condition for tame-
ness.
Theorem 3.2. Assume that ψ : [−∞,∞] → [0,+∞] is any function such that
ψ(+∞) = +∞ and
(1) lim
t→∞
ψ(t)
t
= +∞.
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If u is any function on Ω such that ψ ◦ u admits a plurisuperharmonic majorant,
then u+ is tame. In particular, if u is also plurisubharmonic, then u+ is the limit of
an increasing sequence of upper bounded plurisubharmonic functions on Ω outside
a pluripolar set.
Conversely, if u+ is tame, there exists a nonnegative function φ satisfying (1),
such that φ ◦ u admits a plurisuperharmonic majorant. In fact, we may even take
φ to be increasing and convex.
Proof. From the assumption on the growth of ψ, it follows that for every ε > 0,
there is a positive integer N such that t ≤ εψ(t) for all t ≥ N . In particular
t ≤ εψ(t) +N for all t. Hence
u+(z) ≤ εψ(u(z)) +N.
Since ψ ◦ u ∈ M, we get
Su+ ≤ εS(ψ ◦ u) + S(N) = εS(ψ ◦ u).
Letting ε→ 0 finishes the proof.
For the converse, note that
Su+(z) = lim
n→∞
Snu
+(z) = lim
n→∞
Rnu
+(z) = 0
where each equality holds for all z outside a pluripolar set. Fix a point z0 ∈ Ω such
that all three equalities above are satsified, and choose a sequence nk ր ∞ such
that
Rnku
+(z0) <
1
2k
.
Hence, there is a sequence of nonnegative plurisuperharmonic functions (vk) with
(u− nk)
+ ≤ vk and vk(z0) <
1
2k
.
Define the function φ : [−∞,+∞]→ [0,+∞] by
φ(t) =
∞∑
k=1
(t− nk)
+.
Note that the sum is actually finite for t < +∞ and that φ is a continuous piecewise
linear with φ′(t) = k for nk < t < nk+1, so φ is an increasing convex function.
If nm < t < +∞,
φ(t) >
m∑
k=1
(t− nk) = mt−
m∑
k=1
nk,
so in particular
lim inf
t→+∞
φ(t)
t
= +∞.
Finally,
φ ◦ u =
∞∑
k=1
(u− nk)
+ ≤
∞∑
k=1
vk
and since the right hand side converges at z = z0, we see that
∑
vk is a plurisuper-
harmonic majorant of φ ◦ u. 
Corollary 3.3. Let u ∈ M and 0 < α < 1. Then uα, log+ u and uα log+ u are all
tame.
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4. The Dirichlet problem for maximal unbounded plurisubharmonic
functions
As an application of these concepts, we will show that the Dirichlet problem for
maximal plurisubharmonic functions with certain unbounded boundary data admit
solutions that are continuous outside a pluripolar set. We are not able to tackle
the unbounded case in full generality, but if the boundary function is assumed to
be tame and continuous, we will show that the Perron–Bremermann solution of
the Dirichlet problem, as well as being continuous quasi-everywhere, is the unique
maximal plurisubharmonic function with the prescribed boundary limits. As a tool,
we will use Jensen measures and a duality theorem by Edwards [5]. For convenience
of the reader, we include the necessary background here.
Let X be a compact metric space, and let F be a convex cone of upper semicon-
tinuous and upper bounded real-valued functions on X containing all the constants.
If g : X → R ∪ {+∞}, we define
SFg(z) = sup{u(z) ; u ∈ F , u ≤ g}.
If z ∈ X , we define a class of positive Radon measures
J Fz =
{
µ ; u(z) ≤
∫
u dµ for all u ∈ F
}
,
the so-called Jensen measures for F with barycenter z. Since F contains the
constants, it follows that measures in J Fz are probability measures. If g : X →
R ∪ {+∞}, we define
IFg(z) = inf
{∫
g dµ ; µ ∈ JFz
}
.
Edwards’ theorem shows that when g is lower semicontinuous, SFg = IFg. More
precisely,
Theorem 4.1 (Edwards’ theorem). If g : X → R∪{+∞} is a Borel function on X,
then IFg ≤ SFg. If additionally g is lower semicontinuous on X, then IFg = SFg.
For an accessible proof, we refer to [13]. Note that Edwards’ theorem in [13]
is formulated for bounded lower semicontinuous functions g, but the proof goes
through without changes even if the condition on boundedness is dropped.
In particular, we will apply Edwards’ theorem for the two cones PSH−(Ω) =
USC(Ω¯) ∩ PSH(Ω) and PSHc(Ω) = C(Ω¯) ∩ PSH(Ω). We will denote the corre-
sponding Jensen measures by J−z (Ω) and J
c
z (Ω), respectively.
It was shown in [13] (see also [8]) that if Ω is a bounded B-regular domain and
z ∈ Ω, then J −z (Ω) = J
c
z (Ω).
We can now formulate and prove our main result. In order to use Edwards’
theorem and the Jensen measures machinery, we need to assume that g is lower
semicontinuous on Ω¯. In fact, we will make the stronger assumption that g∗ = g∗
on Ω¯, i.e. that g is a continuous on Ω¯ as an extended real-valued function. This as-
sumption guarantees that SFg is plurisubharmonic (without upper semicontinuous
regularization).
Theorem 4.2. Assume that Ω ⊂ Cn is a bounded B-regular domain, and φ is a
lower bounded, tame plurisuperharmonic function on Ω such that φ∗ = φ∗ on Ω¯.
Then the associated Perron–Bremermann envelope,
Pφ(z) = sup{u(z) ; u ∈ PSH(Ω), u∗ ≤ φ∗}
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is a maximal plurisubharmonic function that is continuous outside a pluripolar set.
Furthermore, Pφ is the unique maximal plurisubharmonic function with the correct
boundary values, i.e. for z0 ∈ ∂Ω,
lim
Ω∋ζ→z0
Pφ(ζ) = φ(z0),
where the limit is taken in the extended real sense, and φ(z0) = +∞ is allowed.
Proof. Note that we may assume that φ ≥ 0. Since Pφ ≤ φ on Ω, it follows that
on Ω¯,
(Pφ)∗ ≤ φ∗
so (Pφ)∗ is a plurisubharmonic function in the defining family of Pφ, so (Pφ)∗ ≤ Pφ.
Conversely, it is clear that (Pφ)∗ ≥ Pφ, so Pφ = (Pφ)∗ is plurisubharmonic.
Maximality of Pφ is standard, but for completeness, we include the argument.
Let Ω′ ⋐ Ω and assume that u ≤ Pφ on Ω′ \ Ω. Then
u˜ =
{
Pφ, z ∈ Ω′ \ Ω
max{u, Pφ}, z ∈ Ω′
is plurisubharmonic on Ω and u˜ ≤ φ, so u˜ ≤ Pφ, i.e. u ≤ Pφ everywhere on Ω,
which shows that Pφ is maximal.
Furthermore, since Pφ is majorized by the tame function φ, it follows from
Proposition 2.1 and Theorem 3.1 that Pφ is tame, and thus quasibounded, and
consequently so are all the functions in the defining family for Pφ. Hence, using
Theorem 4.1 and the equality of Jensen measures for upper bounded plurisubhar-
monic functions and continuous plurisubharmonic functions [8, 13] on B-regular
domains, it follows that for z ∈ Ω,
Pφ(z) = sup{u(z) ; u ∈ PSH(Ω), u∗ ≤ φ∗}
=
(
sup{u(z) ; u ∈ PSH−(Ω), u∗ ≤ φ∗}
)∗
=
(
inf{
∫
φ∗ dµ ; µ ∈ J −z (Ω)}
)∗
=
(
inf{
∫
φ∗ dµ ; µ ∈ J cz (Ω)}
)∗
=
(
sup{u(z) ; u ∈ PSH(Ω) ∩ C(Ω¯), u∗ ≤ φ∗}
)∗
.
Thus, Pφ coincides outside of a pluripolar set with a lower semicontinuous func-
tion (namely the supremum of a family of continuous functions) and since Pφ is
plurisubharmonic, it is also upper semicontinuous. This establishes the claim of
continuity outside a pluripolar set.
We now show the statement about the boundary values of Pφ. Let φn be a
sequence of continuous plurisuperharmonic functions such that φn ր φ on Ω. Then
Pφn are continuous functions up to the boundary, as solutions to the generalized
Dirichlet problem with regards to Ω, see B locki [3].
Now take z0 ∈ ∂Ω. If φ(z0) < +∞, for every ε > 0, there exists an n such that
φn(z0) > φ(z0)− ε. We then have
φ(z0)− ε < φn(z0) = lim inf
Ω∋ζ→z0
Pφn(ζ) ≤ lim inf
Ω∋ζ→z0
Pφ(ζ),
yet
lim sup
Ω∋ζ→z0
Pφ(ζ) ≤ lim sup
Ω∋ζ→z0
φ(ζ) = φ(z0).
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Since ε was chosen arbitrarily, it follows that limΩ∋ζ→z0 Pφ(ζ) = φ(z0). If on the
other hand, φ(z0) = ∞, then limΩ∋ζ→z0 Pφn(ζ) may be made arbitrarily large. It
follows that lim infΩ∋ζ→z0 Pφ(ζ) =∞, which implies that
lim
Ω∋ζ→z0
Pφ(ζ) =∞ = φ(z0)
in the extended reals.
It remains to show the statement about uniqueness. Suppose that v is an-
other maximal plurisubharmonic function with the correct boundary values. Then,
v ≤ Pφ, because v is a member in the defining family for Pφ. Since Pφ may be
approximated from below outside a pluripolar set by functions in PSH(Ω)∩C(Ω¯),
there exists a point z0 ∈ Ω, a bounded continuous maximal plurisubharmonic func-
tion ub ≤ φ and k > 0 such that v(z0) + k < ub(z0). In particular, the open
set
E = {z ∈ Ω : v(z)− ub(z) < −k}
is non-empty, and the boundary values of v guarantees that E ⋐ Ω. Thus we may
find an open set Ω˜ such that E ⋐ Ω˜ ⋐ Ω and v ≥ ub − k on ∂Ω˜. Since both v
and ub − k are maximal and belong to L
∞(Ω˜), the comparison principle yields in
particular v(z0) + k ≥ ub(z0), a contradiction. 
Remark. One might argue that it would be more natural to drop the assumption
that φ∗ = φ∗ and consider the “free” Perron–Bremermann function,
P˜ φ(z) = sup{u(z) ; u ∈ PSH(Ω), u ≤ φ},
but note that with the assumption that φ∗ = φ∗, it follows that if u ≤ φ on Ω, then
u∗ ≤ φ∗ = φ∗ on Ω¯, so in this case (for z ∈ Ω), Pφ = P˜ φ.
Without the continuity assumptions, things can be quite different. In general,
the free Perron–Bremermann might not be plurisubharmonic without upper semi-
continuous regularization, and even if it is, it might not attain the correct boundary
values. Also, in general P˜ φ > Pφ∗. To see this, take φ = u as in Example 1.2 as
the Poisson kernel on the unit disc in C. Then P˜ φ = φ, but Pφ∗ ≡ 0.
We would also like to point out that if
sup{u(z) ; u ∈ PSH−(Ω), u∗ ≤ φ∗}
is plurisubharmonic (without upper semicontinuous regularization), it would fol-
low that Pφ is continuous everywhere on Ω¯. In all the examples below, this is
the case, and we are not aware of any examples where the upper semicontinuous
regularization is actually needed, assuming φ is continuous.
Even if the plurisuperharmonic function φ is not tame, it is always possible to
weaken its singularities enough for Theorem 4.2 to apply. In this situation, it is
also possible to specify a set on which the solution is guaranteed to be continuous.
Theorem 4.3. Assume that Ω ⊂ Cn is a bounded B-regular domain, and that φ is
a lower bounded plurisuperharmonic function on Ω such that φ∗ = φ∗ on Ω¯. Then
for any increasing concave function ψ defined on an interval [a,+∞] containing the
range of φ, such that
lim
t→∞
ψ(t)
t
→ 0,
P (ψ ◦ φ) is continuous on Ω \ {z ∈ Ω : φ(z) = ∞}, and constitutes the unique
solution to the generalized Dirichlet problem associated to ψ ◦ φ.
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Proof. Note that if either φ or ψ is bounded, ψ ◦ φ is bounded and continuous on
the boundary, and so the result follows as an instant of the generalized Dirichlet
problem with continuous boundary data, see B locki [3]. Further, adding constants
if necessary, we may without loss of generality assume that φ ≥ 0 and that ψ is
a bijection from [0,+∞] to [0,+∞]. As ψ ◦ φ is plurisuperharmonic, and ψ−1 is
an increasing convex function, it follows from Theorem 3.2 and Theorem 4.2 that
P (ψ ◦φ) is continuous quasi-everywhere, and constitutes the unique solution to the
generalized Dirichlet problem associated to ψ ◦ φ.
It remains to show that P (ψ ◦ φ) ∈ C(Ω \ {z ∈ Ω : φ(z) = ∞}). Clearly, φ is a
plurisuperharmonic majorant to ψ−1 ◦ P (ψ ◦ φ). Reasoning as in the proof of (1)
of Theorem 3.2, this implies that for every fixed ε > 0, there is a positive integer
N such that
P (ψ ◦ φ) ≤ εψ−1 ◦ P (ψ ◦ φ) +N ≤ εφ+N.
In particular,
uε := max{P (ψ ◦ φ)− εφ, 0}
defines a sequence of bounded plurisubharmonic functions converging to P (ψ◦φ) at
all points outside the set {z ∈ Ω : φ(z) =∞} as ε→ 0, and continuity follows. 
Corollary 4.4. Assume that Ω ⊂ Cn is a bounded B-regular domain, and that
φ ≥ 0 is a plurisuperharmonic function on Ω such that φ∗ = φ∗ on Ω. Then,
for every 0 < α < 1, the Perron–Bremermann envelope of φα is continuous on
Ω \ {z ∈ Ω : φ(z) = ∞}, and constitutes the unique solution to the corresponding
Dirichlet problem. The same holds for the Perron–Bremermann envelope of log+ φ
and φα log+ φ.
As previously noted, the proof of Theorem 4.2 shows that if Pφ is quasibounded
(even if φ itself is not tame), then Pφ ∈ C(Ω), but currently we are not aware of
any direct conditions that ensure quasiboundedness of Pφ. Indeed, as the following
two examples illustrate, Pφ may very well be quasibounded, even when φ fails to
be tame.
Example 4.5. Let Ω = B be the unit ball in C2, let 0 < α < 1, and let φ(z, w) =
(− log|z|)α. Then φ is tame, so Pφ is the unique solution to the Dirichlet problem.
In fact,
Pφ(z) =
(
−
1
2
log(1 − |w|
2
)
)α
.
To obtain the explicit formula for Pφ, fix w ∈ D and consider the analytic disc
f : D → B where f(ζ) =
(
ζ
√
1− |w|
2
, w
)
. Then φ(f(eiθ)) =
(
− 12 log(1 − |w|
2
)
)α
for every θ, so φ is constant on f(∂D). By the maximum principle, if u ≤ φ is
plurisubharmonic, then
u(f(ζ), w) ≤
(
−
1
2
log(1 − |w|
2
)
)α
.
Varying w and ζ, we see that
u(z, w) ≤
(
−
1
2
log(1 − |w|2)
)α
,
for every (z, w) ∈ B and taking the supremum over u,
Pφ(z, w) ≤ U :=
(
−
1
2
log(1 − |w|
2
)
)α
.
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A direct computation shows that
∂2U
∂w∂w¯
=
α
(
− log(1− |w|
2
)
)α(
(α− 1)|w|
2
− log(1− |w|
2
)
)
(1− |w|
2
)2
(
log(1− |w|
2
)
)2
and all the factors, except possibly q(w) = (α−1)|w|
2
−log(1−|w|
2
) are non-negative
for w ∈ D. It is a straight-forward calculus exercise to show that ct− log(1− t) ≥ 0
for 0 < t < 1 when c ≥ −1, so in fact q(w) ≥ 0 as well. Hence U is plurisubharmonic
on B and thus Pφ ≥ U . So, in fact
Pφ(z, w) = U(z, w) =
(
−
1
2
log(1− |w|2)
)α
.
In the case α = 1, the above computation goes through without any changes, but
in this case, φ is not tame and Theorem 4.2 does not apply.
To see that φ(z, w) = − log|z| is not tame, take any nonnegative function ψ
satisfying (1). If v is a plurisuperharmonic majorant of ψ ◦ φ, then u = −v is a
plurisubharmonic minorant of −ψ ◦ φ. Hence, the Lelong number of u at z = 0 is
νu(0, 0) = lim inf
(z,w)→(0,0)
2u(z, w)
log(|z|
2
+ |w|
2
)
≥ lim inf
(z,w)→(0,0)
−2ψ(− log|z|)
log(|z|
2
+ |w|
2
)
= lim inf
(z,w)→(0,0)
ψ(− log|z|)
− log|z|
log|z|2
log(|z|
2
+ |w|
2
)
=∞,
which is a contradiction and Theorem 3.1 shows that φ is not tame.
On the other hand,
Pφ(z, w) = −
1
2
log(1− |w|
2
),
which is clearly continuous on B. Furthermore
Pφ(z, w) = −
1
2
log(1− |w|
2
) = sup
r>1
{
−
1
2
log(1− r|w|
2
)
}
which shows that Pφ is quasibounded.
Example 4.6. Let Ω = B be the unit ball in C2, let 0 < α < 1, and let φ(z, w) =
(− log|zw|)α. Again, φ is tame, and Pφ(z) may explicitly be written as
Pφ(z) =


(
− 12 log(|z|
2
− |z|
4
)
)α
|z| ≥
√
2
2(
− 12 log(|w|
2
− |w|
4
)
)α
|w| ≥
√
2
2
(log 2)α |z|, |w| ≤
√
2
2 .
To see this, note that on the boundary, φ attains the value (log 2)α at |z| = |w| =
√
2
2 ,
so it is clear that Pφ is bounded from above by (log 2)α on the bidisk {z, w ∈ C2 :
|z|, |w| ≤
√
2
2 }. Pφ is also bounded from above by the other two cases above, as is
easily seen as in the previous example using the analytic discs
f1(ζ) =
(
ζ
√
1− |w|
2
, w
)
, f2(ζ) =
(
z, ζ
√
1− |z|
2)
,
fixing w, z ∈ D respectively. We now check that the above function is indeed a
plurisubharmonic function. Due to symmetry and a standard gluing lemma for
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plurisubharmonic functions, it is enough to consider points where |z| >
√
2
2 to see
that the Laplacian is non-negative in the sense of distributions. We have
∂2Pφ
∂z∂z¯
= α|z|
2(
− log(|z|
2
− |z|
4
)
)α
·
(α− 1)(1− 2|z|
2
)2 − |z|
2
log(|z|
2
− |z|
4
)
(|z|2 − |z|4)2(− log(|z|2 − |z|4)2
,
where all factors are positive except possibly (α−1)(1−2|z|
2
)2−|z|
2
log(|z|
2
−|z|
4
).
Again, it is straightforward to check that indeed, (α− 1)(1− 2t)2− t log(t− t2) > 0
for 0 < α < 1, t > 12 , so Pφ is plurisubharmonic.
Similar calculations show that the above formula for Pφ remains true when
α = 1. However, using the fact that − log|z| ≤ − log|zw| together with property
(3) of Proposition 2.1, we have that
S(− log|z|) ≤ S(− log|zw|),
which implies that − log|zw| is not tame.
In both these examples, locally, P (φα) depends on one variable only. Thus, this
is true for the plurisubharmonic function P (φα)
1
α as well, which then constitutes
a solution to the generalized Dirichlet problem associated to φ. We collect this
observation in the following proposition.
Proposition 4.7. Assume that Ω ⊂ Cn is a bounded B-regular domain, and that
φ ≥ 0 is a plurisuperharmonic function on Ω such that φ∗ = φ∗ on Ω. Fur-
ther assume that there exist a continuous, concave, strictly increasing function
ψ : [0,+∞) → [0,+∞) such that ψ ◦ φ is tame and P (ψ ◦ φ) locally depends on
at most n − 1 variables. Then ψ−1 ◦ P (ψ ◦ φ) is a quasi-everywhere continuous
solution to the generalized Dirichlet problem with respect to φ on Ω.
The proof of Theorem 4.2 also shows that if Pφ is quasibounded quasi-everywhere
(even if φ itself is not tame), then Pφ is the unique solution. In our setting, these
are in fact equivalent statements, as the following theorem shows.
Theorem 4.8. Assume that Ω ⊂ Cn is a bounded B-regular domain, and that
φ ≥ 0 is a plurisuperharmonic function on Ω such that φ∗ = φ∗ on Ω. Then every
v solving the associated Dirichlet problem satisfies(
lim
n→∞
P (min{n, φ})
)∗
≤ v ≤ Pφ.
In particular, Pφ is quasibounded quasi-everywhere if and only if Pφ uniquely solves
the associated Dirichlet problem.
Proof. As h is a plurisubharmonic function in the defining family for Pφ, it is
clear that h ≤ Pφ. To show the second inequality, assume that there exists a
point z0 ∈ Ω where it does not hold. This implies that there exist n, k > 0 such
that v(z0) + k < P (min{n, φ(z0)}), and reasoning as in the proof of Theorem 4.2
concerning uniqueness, we reach a contradiction.
To show the last statement, note that every bounded plurisubharmonic function
is bounded by P (min{n, φ}) for some n, and so the regularization of the envelope
over bounded plurisubharmonic functions coincides with
(
limn→∞ P (min{n, φ})
)∗
,
which is a maximal plurisubharmonic function as the complex Monge–Ampe`re op-
erator is continuous along increasing sequences. Again reasoning as in the proof of
Theorem 4.2,
(
limn→∞ P (min{n, φ})
)∗
also has the correct boundary limits, and
thus solves the associated Dirichlet problem. 
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We end with an example of when the two envelopes do not coincide, illustrating
the difficulty of addressing the question of uniqueness for (unbounded) maximal
plurisubharmonic functions with given boundary values in full generality.
Example 4.9. Let Ω = B be the unit ball in C2. Define
u(z, w) =
1− |z|2
|1− z|
2 , v(z, w) =
|w|2
|1− z|
2 .
As was shown in connection to Example 1.2, u is a maximal plurisubharmonic
function, but not quasibounded. In fact, v is a maximal plurisubharmonic function
as well, as
∂2v
∂z∂z¯
+
∂2v
∂w∂w¯
=
|1− z|
2
+ |w|
2
|1− z|4
≥ 0,
and
∂2v
∂z∂z¯
·
∂2v
∂w∂w¯
−
∂2v
∂z∂w¯
·
∂2v
∂w∂z¯
= 0.
Note that u ≥ v. Now define vε :=
|w|2
|1+ε−z|2 . It is straight-forward to check that
these are maximal plurisubharmonic functions as well, and that
v = sup
ε>0
vε,
which shows that v(z, w) is quasibounded. Furthermore, v is constant on the ana-
lytic discs fk(ζ) = (kζ, k(ζ− 1)), and in particular, v ◦ fk is harmonic. This implies
that v is larger than any bounded plurisubharmonic function smaller than u, and
thus equals the Perron–Bremermann envelope of u over PSH−(Ω).
Finally, note that for all (z0, w0) ∈ ∂Ω, we have that
lim sup
(z,w)→(z0,w0)
u(z, w) = lim sup
(z,w)→(z0,w0)
v(z, w)
lim inf
(z,w)→(z0,w0)
u(z, w) = lim inf
(z,w)→(z0,w0)
v(z, w).
Indeed, if z0 6= 1, the above equalities clearly hold, and at the boundary point
(z0, w0) = (1, 0), we have
lim sup
(z,w)→(1,0)
u(z, w) = lim sup
(z,w)→(1,0)
v(z, w) =∞
lim inf
(z,w)→(1,0)
u(z, w) = lim inf
(z,w)→(1,0)
v(z, w) = 0.
To get equality everywhere on the boundary, we can simply add the pluriharmonic
function − log|z− 1| to both u and v. Specificially, let u˜(z, w) = u(z, w)− log|z− 1|
and v˜(z, w) = v(z, w)− log |z−1|. Then u˜ and v˜ are two maximal plurisubharmonic
functions continuous on Ω¯ (as extended real valued functions) that coincide on ∂Ω.
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